Let A = kG, the group algebra of some finite group where the characteristic of the field k divides |G|. In contrast to working over the complex field, the kGmodules are not usually semisimple. If a Sylow p-subgroup of G is not cyclic then there are infinitely many indecomposable kG-modules, and we usually enjoy little control over the category of such modules. It is therefore an important problem to find classes of modules which may be expressed as a sum of a not very great number of indecomposables, and to understand the structure of these indecomposables.
In Theorem (2.11) we will seek to phrase Broué's correspondence in terms not of vertices but of fixed point sets (defined in (2.4)), a notion which we will see is equivalent to that of vertices.
In Section 3 and onwards we shall let n be a positive integer and utilize fixed point sets in the situation of permutation modules afforded by the action by conjugation of the symmetric group Sym(qn) on its conjugacy class of fixed point free elements of order q. Our aim will be to determine as far as possible the fixed point sets of the components involved. At the same time we will show how the corresponding vertices may be computed eg Lemma (4.5) and Lemma (4.6), and (5.4).
In Theorem (7.18) we determine the general form of a fixed point set. From this theorem a list can be derived of possible fixed point sets in terms not just of irreducible sets but of the even more basic transitive sets. For a given p and q we need the further information of: (1) those values of n for which our permutation module admits a projective summand and (2) the numbers κ(X) (defined in (7.15)) for irreducible fixed point sets X. These missing values are not investigated in the present paper.
When p = q = 2 the problem becomes to determine the fixed point sets, or the vertices of the components of, the permutation module afforded by the action of Sym(2n) on its conjugacy class Ξ 2 2n of fixed point free involutions. This permutation action has been studied before; as an example the ordinary character it affords is known, and we refer to [4] for a demonstration of this and associated results. In the situation p = q = 2 the values labelled (1) and (2) above can be obtained, leading to a precise list of vertices. In the author's PhD thesis [2] this precise list is constructed, along with an explicit determination of the number of components and the Brauer quotients. These results have been collected by the author elsewhere, along with a determination of the Brauer characters of the components, again using a result on ordinary characters contained in [4] .
The tool to achieve the above is to view the natural embeddings of the cartesian product of any two symmetric groups into a third as a type of binary multiplication which will allow us to construct new fixed point sets from existing ones. The binary multiplication even allows for an essentially unique decomposition into irreducibles, with products of coprime fixed point sets being easy to control. Furthermore a unary multiplication is provided by the diagonal subset of the cartesian product.
PRELIMINARIES.
Let G be a finite group and let P be a Sylow p-subgroup of G. A kG-module has a P -invariant basis if and only if it is a component of some permutation kGmodule, and such a module is called a p-permutation module. The main tool for identifying the vertices of the components of permutation modules is the following correspondence due to Broué [1, (3.2) ]. The theorem following it (see [6, (27. 7)]) is another useful characterisation of these vertices.
Broué Correspondence 1.1.
Let Ω be a permutation G-space. There is a multiplicity-preserving bijective correspondence between the components of the permutation kG-module kΩ with vertex Q ≤ G and the projective components of the permutation k(N G (Q)/Q)-module kFix Ω (Q). Theorem 1.2. Let P be a Sylow p-subgroup of G. An indecomposable kG-module M with a P -invariant basis X has vertex conjugate to Q ≤ P if and only if: Q is a maximal subgroup of P subject to fixing an element of X.
Recall that any transitive permutation kP -module is indecomposable (eg [6, (27.1)] ). Thus the regular module kP is indecomposable and the only indecomposable projective kP -module is kP .
Lemma 1.3.
Let M be an indecomposable permutation P -module with a Pinvariant basis X and let x ∈ X. Then Stab P (x) is a vertex of M . In particular P acts regularly on X if and only if M is projective.
Proof.
First of all we note that P must act transitively on X because M is indecomposable. A vertex of M is any subgroup Q of P maximal subject to fixing an element of X. By taking a conjugate of Q in P we may assume that Q fixes the element x ∈ X. Thus Q ≤ Stab P (x) and the maximality of Q gives Q = Stab P (x). Now M is projective if and only if Q is trivial, and since Q = Stab P (x) this is the case if and only if P acts regularly on X. The following is a standard result. 
Let X 1 , X 2 , . . . , X s be the P -orbits on X. Then Res 
Tensor Product with Wreath Product Action 1.8. Let M be a kG-module.
Let a be a positive integer and let
Now let H := Sym(a). Then H can be made to act on G a by permuting factors, or as it is sometimes called by place permutations. Thus for example we have (g 1 , g 2 , . . . , g a ) · (1 2) = (g 2 , g 1 , . . . , g a ). The action of H on G a allows us to form the semidirect product G a > ⊳ H which is known as the wreath product G ≀ H. The subgroup G a = G × G × · · · × G is called the base subgroup of G and the subgroup H = Sym(a) is called the top subgroup of G.
Similarly we may define an action of H on the module M a by letting H permute factors. This turns the tensor product M a into a kH-module. Therefore M a is simultaneously a kG a -module and a kH-module. We may define a k(G ≀ H)-module structure on M a by stipulating
for m ∈ M a , g ∈ G a and h ∈ H. We use M ≀a to denote this k(G ≀ H) module. In essence we let the subgroup G a of G ≀ H act first via the product action and then we let the top subgroup H ≤ G ≀ H act by permuting factors.
The above construction is performed for a kG-module M but is equally applicable to the situation of a permutation G-space X. If X is a permutation G-space then we define a permutation G ≀ H-space X ≀a as follows. As sets we let X ≀a be the cartesian product X × X × · · · × X of a copies of X. Then we let G a act via the product action and we let H act by permuting factors.
If M = kX is the permutation kG-module afforded by X then M ≀a = kX ≀a is the permutation module corresponding to the permutation G ≀ H-space X ≀a . In particular in this situation M ≀a is a permutation k(G ≀ H)-module.
The construction of the wreath product is of course standard and we refer to [5, (4.1)] for more details. Usually the wreath product G ≀ H of two groups G and H is defined in terms of a permutation G-space X and a permutation H-space Y . In the above construction we are taking H = Sym(a) and the permutation H-space Y is the natural permutation Sym(a)-space on the set of a letters {1, 2, . . . , a}.
Lemma 1.9.
Let M be a kG-module and let a be a positive integer. The k(G ≀ H)-module M ≀a admits a projective summand only if M admits a projective summand.
Proof.
We have Res 
The restriction of M ≀a to this subgroup must also admit a projective summand and we have Res
It follows that the kG ≀(a−1) -module M ≀(a−1) must have a projective summand.
MAIN RESULTS ON FIXED POINT SETS.
In this section we will define the notion of fixed point sets for a permutation Gspace Ω (over k); these will be in a bijective correspondence with the vertices of the components of the permutation kG-module kΩ. The vertex corresponding to a given fixed point set is easily recovered, and vice versa, and we can reformulate Broué's correspondence in terms of this definition.
The maximality property of vertices requires that fixed point sets satisfy amongst general subsets of Ω a property which we will describe as closed. By restricting our attention to closed subsets of Ω we may replace in the Broué correspondence the quotient group N G (Q)/Q with another quotient group N X /S X which for our purposes is perhaps more convenient.
The next lemma describes how vertices -and thus projectivity -behave when we factor out p ′ -subgroups.
Lemma 2.1.
Let Ω be a permutation G-space and let M := kΩ be the corresponding permutation kG-module. Let N be a normal subgroup of G that fixes every element of Ω and let π : G → G/N be the quotient homomorphism. Let Proof. We may assume Q ⊂ P . Now P is a Sylow p-subgroup of G so (P )π is a Sylow p-subgroup of G/N . Choose i and let X be a P -invariant basis of M i . Then X is a (P )π-invariant basis of M i viewed as a k(G/N )-module. If Q ≤ G is another subgroup of G then Q and (Q)π fix the same elements of X, so the subgroup Q of P is maximal subject to fixing an element of X if and only if the subgroup (Q)π of (P )π is maximal subject to fixing an element of X. This concludes the proof. Lemma 2.2. Let G be a finite group and the finite set Ω be a transitive permutation G-space. Let Q be a vertex of some indecomposable summand of KΩ and let P be a Sylow p-subgroup of G that contains Q. Then there is some element ω ∈ Ω such that Q = P ∩ Stab G (ω).
′ where M is indecomposable with vertex Q ≤ P . We have Res G P (kΩ) = t i=1 kΩ i where the Ω i are the P -orbits in Ω. Note that the kΩ i are indecomposable as kP -modules since P is a p-group. By Krull-Schmidt we have therefore that
where I is some subset of {1, 2, . . . , t}. Identify M as a P -module with t i∈I kΩ i . Then M has P -invariant basis X = i∈I Ω i . Let Q ≤ P be a vertex of M . Then by Theorem 1.2, Q is a maximal subgroup of P subject to fixing an element of X. So there is some ω ∈ Ω i for some i which is fixed by Q but not by any subgroup R of P properly containing Q.
Theorem 2.3. Let M be a permutation kG-module, say M = kΩ. Let Q be a vertex of an indecomposable summand of M , let X be the set of fixed points of Q on Ω, and let S be the pointwise stabilizer of X in G. Then Q is a Sylow p-subgroup of S.
Then U is a p-subgroup which strictly contains Q and we have
The factor group N G (Q)/Q therefore contains the non-trivial p-subgroup U := U/Q. But U ≤ S so U and U act trivially on F . Certainly then a Sylow p-subgroup of N G (Q)/Q cannot act regularly on any element of F , and by Lemma (1.3) the kN G (Q)/Q-module kF does not admit a projective summand. Of course by the Broué correspondence (1.1) this implies that Q is not a vertex of an indecomposable summand of M . The alternative Q = R must be the case.
Notation2.4.
Suppose Ω is a G-set. Then if X ⊂ Ω is a subset we define S X := Stab G (X) to be the pointwise stabilizer, and we write Q X for a Sylow psubgroup of S X . We will also write N X for the set stabilizer of X in G, that is,
Definition 2.5. Suppose Ω is a G-set and X ⊆ Q. We say that X is a fixed point set if there is a vertex of some indecomposable summand of kΩ with vertex Q such that X = Fix Ω (Q). Theorem 2.3 shows that in this case Q is a Sylow p-subgroup of S X and so for a fixed point set we may take Q X = Q. We can reformulate part of the Broué corrspondence as follows:
Corollary 2.6. The set X ⊆ Ω is a fixed point set if and only if the p-permutation module kX for N G (Q X )/Q X has a projective summand.
Proof.
Definition 2.7. Suppose Ω is a G-set, and X ⊆ Ω is a subset. We say that X is closed if Fix Ω (Q X ) = X. This notion is independent of the choice of Q X . Note that if X is a fixed point set, then X is closed. One way of obtaining closed subsets is to take the closure of a given subset. For subgroups L of G we denote by * an assignment (depending on a choice of P ) L → Fix Ω (Syl p (L)) then we mean that L * is the set of fixed points in Ω of some Sylow p-subgroup of L. The reverse assignment is to denote by * a choice of map X → Syl p (Stab G (X)) which assigns to the subset X of Ω some Sylow p-subgroup X * of the stabilizer in G of X. We may say that the subset X * * ⊂ Ω is the closure of X. Thus X is closed exactly when X = X * * , and this must happen when for instance X is a fixed point set. Similarly for a vertex Q of some component of kΩ we must have Q = Q * * .
permutes the fixed points of this subgroup, so the normalizer N G (S X ) also leaves X invariant. We have defined (in (2.4))
When X is closed, we therefore have N G (S X ) = N X . Our aim now is to characterize fixed point sets in terms of N X and S X (which will allow us to characterize vertices in terms of fixed point sets).
Notation 2.9. Let Ω be a G-set and let X ⊂ Ω be a closed subset. Define
As we mentioned above, the group N X acts on X with kernel S X . Thus M X acts on X and X is a faithful permutation M X -space. The action of N X on X induces a homomorphism N X → Sym(X), and M X may be taken to be the image of this homomorphism. Proof. By the preceding proposition we have
The result follows from Lemma (2.1).
We can now reformulate the Broué Correspondence:
Theorem. 2.12.
Broué's correspondence for closed sets Let X ⊂ Ω be closed. There is a multiplicity-preserving bijective correspondence between the isomorphism types of components of kΩ which admit X as a fixed point set and the set of projective components of the permutation kM X -module kX (up to isomorphism).
Corollary. 2.13. Let X ⊂ Ω be closed. Then X is a fixed point set if and only if the permutation kM X -module kX admits a projective component.
SYMMETRIC GROUPS AND CONJUGACY ACTIONS.
A Specific Problem. We have seen that the problem of determining the vertices of the indecomposable summands of permutation modules of finite groups is equivalent to finding the corresponding fixed point sets. Now we shall study these fixed point sets for the permutation kSym(qm)-module kΞm where Ξm is the conjugacy class of Sym(qm) consisting of fixed point free elements which are products of q-cycles and k is a field of characteristic p.
Irreducible Sets 3.1.
In such actions, that is when a group G acts on itself by conjugation, the subsets of the relevant G-set have an additional structure given by the group multiplication. We will therefore consider ways of building new fixed point sets out of known ones, using the provided multiplication, and also using the fact that the direct product of two symmetric groups can be embedded into a larger symmetric group.
In the first part of this section we will study set constructions, and at the end of the section we will relate these set constructions to fixed point sets.
Definition 3.2. The group of finitary permutations of N is defined to be the union of all finite symmetric groups:
Recall that the support of a permutation ρ is defined as:
If X is a set of finitary permutations we set supp(X) = ρ∈X supp(ρ). Now we define F to be all finite subsets of Sym f (N), excluding the empty set and the set which contains only the identity permutation. That is,
For an integer q ≥ 2, we define S q ⊂ F to be all subsets X such that
(1) each ρ ∈ X is a product of q-cycles; (2) for each ρ ∈ X we have supp(ρ) = supp(X).
Any such X ∈ S q is conjugate to a subset of Ξm where qm is the size of supp(X).
Notation 3.3.
Let X be an element of F . By construction X is a subset of some finite subgroup of Sym(N), and in fact we have X ⊂ Sym(supp X) ≤ Sym(N). So let G X := Sym(supp X), and write N X := N GX (X) = {g ∈ G X |X g = X} and S X := Stab GX (X). Now S X is a normal subgroup of N X and N X acts by conjugation on X with kernel S X . Thus M X := N X /S X acts on X with trivial kernel and kX is a faithful permutation kM X -module. Let Q X ≤ S X be a Sylow p-subgroup of S X .
These definitions were also made in Section (2.4), and it was suggested there that a distinctive case is when the permutation kM X -module kX admits a projective summand. This is the condition which characterizes, amongst closed sets, the fixed point sets.
Multiplication In F 3.4. We identify Sym(a) with Sym(supp X) and Sym(b) with Sym(supp Y ) so that this embedding restricts to an embedding of the Cartesian product of X and Y :
We write X * Y to mean the image of this embedding. By convention we write X * {1} = X for any subset X ∈ F. Now consider the s-fold Cartesian product X s = X × X × · · · × X and the embedding τ : X s → Sym(as). We let ∆ s X be the image under τ of the diagonal subset {(x, x, . . . , x) | x ∈ X} of (X) s . We write the degree of Y as d(Y ) and define it by d(Y ) := |supp Y |.
Remark 3.5. We will say that two elements X and Y of F are equivalent if there is σ ∈ Sym(N) such that X σ = Y . The * -product can be thought of as defined on the resulting equivalence classes and in this case the * -product is abelian and associative.
Definition 3.6. Irreducible Sets. We say that X ∈ F is irreducible if there do not exist elements Y, Z ∈ F such that X = Y * Z. Clearly X can be written as a product of irreducible members of F . Note that X ∈ S q is irreducible if and only if there do not exist in Y, Z ∈ S q such that X = Y * Z.
Remark 3.7. If we interpret the product * as being defined on the set of equivalence classes of F then Lemma 3.9 immediately implies that any decomposition into irreducible factors is unique. In fact slightly more is implied because the statement "Y i = Z i " which forms part of the statement of the lemma asserts an absolute equality, that is, as subsets of Sym(N), and not just equivalence.
Lemma 3.8.
The set Y ∈ S q is a fixed point set if and only if each of the following hold
Proof. This is a combination of Corollary (2.13) and Theorem (2.3) .
Lemma 3.9. 
Proof. We may assume that respectively the Y i and the Z i have pairwise disjoint supports and that
and we may consider the projection π Yi : X → Y i ⊂ Sym(s i ), and similarly the projection π Zi : X → Z i . Thus we have
Similarly we have
, and the irreducibility of Z i implies Z i = Y 1 . Reordering the Z j we have Z 1 = Y 1 ; upon cancelling these two factors the result follows by induction.
s so the result follows immediately from the lemma. Proof. This is a restatement of the previous corollary.
Lemma 3.12 . Suppose that X ∈ S q is irreducible and satisfies |X| > 1. Then ∆ i X is irreducible for every i.
Proof. We write ∆ i X = X 1 ∆X 2 ∆ . . . ∆X i where each X j is conjugate to X and where the supp X j are pairwise disjoint. Put α := i j=1 supp X j . Assume that ∆ i X = Y × Z where Y and Z are elements of S q with disjoint non-empty support.
Let a be the set of j such that supp X j ⊂ supp Y and let b be the set of j such that supp X j ⊂ supp Z. Since supp Y and supp Z are non-empty it follows that a and b are each non-empty. Also, since α = supp Y ∪ supp Z we have supp Y = j∈a supp X j and supp Z = j∈b supp X j . After a possible reordering we may assume that a = {1, 2, . . . , s} and b = {s + 1, s + 2, . . . , i}.
Comparing this with
But |Y × Z| = |∆ i X| = |X|, and so |X| = 1.
Conjugation actions. 3.13. Let X ∈ F, and define
the symmetric group permuting the elements in supp (X).
We view X as a subset of a permutation G-set, where G acts by conjugation. That is,
We observe that in this setup S X is equal to C GX (X) and N X is equal to N GX (X). The set of fixed points of Q X on Ω is then equal to
Note that we always take these with respect to the G X -set just defined.
Conventions 3.14. Recall that for Y, Z ∈ S q we have make choices so that Q X * Q Y ≤ Q X * Y , and it follows that the product of exact sets is exact.
On the other hand, we say that Y is projective if Q Y = 1. We observe that Y ∈ S q is projective and closed if and only if Y = Ξ Y .
Lemma 3.16. Suppose that Y ∈ S
q is irreducible and closed. Then X is exact or X is projective.
Proof. Let α = supp Q X and write supp(X) = α∪β where Q X fixes each element of β. The group X centralizes Q X and therefore it permutes the orbits of Q X on the support of X. Assume for a contradiction that α and β are both = ∅. Then
So we have X ⊆ X α * X β (where X α is the set of all factors of X which are supported on α.
By assumption, X is closed, that is X = Fix ΩX (Q X ). We can describe these fixed points: they are all elements in Ω X which lie in Sym(α) × Sym(β), and where the factor in Sym(α) commutes with Q X . The factor in Sym(β) is arbitrary. In fact we get X = Y * X β where
We assume X is irreducible, so this is a contradiction.
Remark. We have seen at the same time that if Q X = 1 then X = X β and this is the complete G X -set Ω X . This will be relevant later.
PERMUTATION STRUCTURE OF PRODUCTS OF IRREDUCIBLE SETS.
Suppose that we have found a fixed point set Y ∈ S q which is irreducible and exact. By Lemma (3.8) Y is closed and the permutation kM Y -module kY admits a projective summand. We wish to find conditions under which the elements * s Y and ∆ s Y are fixed point sets. This means that (i) we want find conditions under which * s Y or ∆ s Y is a closed element of S q , and (ii) we would like to know the structure of the permutation kM * s Y -module k * s Y and of the permutation kM ∆ s Y -module k∆ s Y . We address the second of these first. In doing so we shall make use of the wreath product constructions described in Section (1.8).
Actions on Products 4.1. It is well known that the stabilizer in Sym(qn) of an element of Ξn (that is, a fixed point free element which is a peoduct of q-cycles) is isomorphic to the wreath product Z q ≀ Sym(n). We now consider the version of this result which applies to the situation where we are dealing not with q-cycles in Sym(qn) but equal sized subsets of {1, 2, . . . , qn}, or of some similar set.
Let α be a finite subset of N and let the subsets α 1 , α 2 , . . . , α s partition α and satisfy |α i | = |α 1 |. Let G := Sym(α 1 ). Then α 1 is a natural permutation Gspace and as described in Section (1.8) we may form the tensor product α ≀s 1 giving a permutation (G ≀ Sym(s))-space. In fact this construction can be made inside Sym(α). The action of Sym(α) on α induces an action on sets of subsets of α and we may define C to be the stabilizer under this action of the set A := {α 1 , α 2 , . . . , α s }. It is reasonably clear that C is isomorphic to the wreath product Sym(α 1 ) ≀ Sym(s). However, we shall now present the details of the proof.
Wreath Products 4.2.
The base group in the situation above is the Young subgroup B := Sym(α 1
Note that although T is transitive on A, each of the above generators of T is order-preserving so the set of least elements of the α i is left invariant by T , and T is not transitive on
The subgroup B · T = Sym(α 1 ) · T ≤ C is isomorphic to the wreath product Sym(α 1 ) ≀ T . If g ∈ Sym(α) is any other element such that A g = A then g induces some permutation on the elements of A and there is an element t ∈ T = Sym(A) which is such that gt leaves each α i invariant. Thus gt lies in the base group B and we have C = B · T ∼ = Sym(α 1 ) ≀ Sym(s). The irreducibility condition implies that g must permute the factors Y i and so g must permute the subsets supp Y i . In other words g must lie in the subgroup C. There is an element t ∈ T ≤ N such that gt leaves each supp 
Proof. We may assume s ≥ 2. Write as usual
·T , using the previous lemma. Thus g = ut where u ∈ * s S Y ≤ S and t ∈ T , forcing t ∈ S. 
then g = ut where u ∈ B and t ∈ T . Since t ∈ N we get u ∈ N . Writing all elements in B = * s G Y as vectors with coordinates in
Remark 4.8.
As a corollary to this lemma we have
We want to show slightly more than this, namely that the pair (
If Y ∈ S q we shall let τ : G Y → ∆ s G Y be the bijection given by g → (g, g, . . . , g). 
In fact for all g ∈ N Y the elements (g)τ ιπ ∆ and (g)π Y τ are each equal to that element of Sym(∆ s Y ) which takes (y, y, . . . , y) ∈ ∆ s Y to (y g , y g , . . . , y g ) ∈ ∆ s Y . Thus 
Proof. Let g ∈ Sym(α) be any element that centralizes H i . Then the action of < g > on α will admit as an invariant subset the set of elements of α not fixed by H i ; by assumption this set is supp H i = α i , so g ∈ Sym(α i ) × Sym(α \ α i ). This holds for each i and so g ∈ Sym(α 1 )×Sym(α 2 )×· · ·×Sym(α t ), from which it follows
The reverse inclusion is trivial.
If X ∈ S q we define the closure, written c(X) as the set Fix(Q X ) for a choice Q X of Sylow p-subgroup of Stab(X). Closure is well defined up to equivalence. Corollary 4.13. Submultiplicativity of Closure. Assume X 1 , X 2 , . . . , X t belong to S q , and are exact. Then c(X 1 * X 2 * · · · * X t ) ≤ c(X 1 ) * c(X 2 ) * · · · * c(X t ).
Proof. Set X := X 1 * X 2 * · · · * X t , and let Q i := Q Xi , and define also Q = Q 1 × . . . Q t . Then the p-group Q is contained in S X , so we can take Q ≤ Q X . We assume the X i are exact, so we can apply (4.12) with H i = Q i , and get, taking
Let Ξ i = Ξ Xi ; then we have Ξ 1 * · · · * Ξ t ⊆ Ξ X , and therefore
We claim that equality holds. Namely taking x ∈ Ξ X that commutes with Q = Q 1 × . . . Q t , then each orbit of x is contained in X i for some i and therefore x ∈ Ξ 1 * · · · * Ξ t . So H ∩ Ξ X is contained in H ∩ (Ξ 1 * · · · * Ξ t ). This last set is equal to (
which is what we needed.
Corollary 4.14.
Let X 1 , X 2 , . . . , X t be exact closed members of S q . Then X 1 * X 2 * · · · * X t is exact and closed.
Proof. Write X = X 1 * X 2 * · · · * X t . We have c(X 1 * X 2 * · · · * X t ) ≤ c(X 1 ) * c(X 2 ) * · · · * c(X t ) = X 1 * X 2 * · · · * X t ; thus we must have c(X 1 * X 2 * · · · * X t ) = X 1 * X 2 * · · · * X t and X is closed.
Let α j = suppX j , writing and α = α j and Q j = Q Xj . Then by assumption Q j is fixed point free on α j . We are free to assume Q 1 * Q 2 * · · · * Q t ≤ Q X and so Q X is fixed point free on α, so X is exact. Proof. By (4.14) * i X is closed for all i > 1. Moreover by definition ∆ i X ⊂ * i X. Therefore we always have c(
In other words, letting Ξ = Ξ ∆ i X , we know that
We must determine when the fixed point are only the diagonal. We take
(a) Assume that i is a power of p; then Q is transitive on the support sets of the base group, and it follows that Fix * i X = ∆ i X and therefore the fixed points of
Suppose i is not a power of p; then Q is not transitive on the support sets of the base group. In this case it has fixed points which which belong to ∆ r X * ∆ i−r X for some 1 ≤ r ≤ i but not to ∆ i X. So ∆ i X is not closed. As a partial converse to the above we have the following. Proof. By assumption X = Ξ X , and since the group Ξ X is transitive on suppX it follows that X is irreducible. Let S = S ∆ i X and Q = Q ∆ i X , and write X ∆ = ∆ i X = ∆X 1 . . . ∆X i where suppX j = α j for disjoint α j and α = α j . We can now apply (4.5) and get
where T ∼ = Sym(i). By (4.2) T is not transitive on α. Taking Sylow p-sugroups we get Q = (Q X1 * · · · * Q Xi ) · P = P, for a Sylow p-subgroup P of T , since Q X = 1 by assumption. Then X ∆ is irreducible by (3.12) but not exact, since P ≤ T is not transitive; nor is X ∆ projective; so X ∆ cannot be closed by (3.16 
STRUCTURE OF PRODUCTS OF DISTINCT SETS.
We have examined the structure afforded by products such as * s Y , where Y ∈ S q . Let X, Y ∈ S q with possibly X = Y . In this section we consider the product X * Y and the permutation kM X * Y -module it affords. We also introduce the notion of 'coprime'.
Properties of M X * Y 5.1.
In order to determine the permutation structure of X * Y we may assume as usual that X and Y have disjoint support and that X * Y = X × Y . Then the subgroups N X * N Y , S X * Y and S X * S Y are all contained in N X * Y . Thus we have the diagram of subgroups
We also have . In this case X * Y is a permutation N X * Y -space and affords the permutation kN X * Y -module k(X * Y ). There is at least as much structure in the second instance as in the first, and indeed we have an isomorphism of kN X * kN Y -modules
Quotienting out the stabilizers of the various actions produces an isomorphism of
The second point of view is the one we have to work with in order to show that X * Y is a fixed point set. However, we will be very interested in those cases where the second view adds no more structure to the first, which leads to the following definition. Definition. We say that X and Y are coprime if
Proposition 5.4. Let X and Y be coprime elements of S q . Then
Structure of Products of Coprime Sets 5.5. Thus if X and Y are coprime Proof. Recall that fixed point sets are closed. By assumption Y * Z is closed, so it is sufficient to show that the permutation kM Y * Z -module k(Y * Z) has a projective summand. The fact that Y and Z are coprime implies that M Y * Z = M Y × M Z and that k(Y * Z) is isomorphic to kY ⊗ kZ. Thus it suffices to show that the kM Ymodule kY and the kM Z -module kZ each admit projective summmands. This is known since Y and Z are fixed point sets. Proof. By Corollary (4.14) we know that Y * Z is closed, and we may apply (5.6). Recalling the definition made in Section (4.2) let t := g αsupp ZY ∈ Sym(N) be the unique order-preserving involution that maps α onto supp Z Y and satisfies supp t = α ∪ β.
We may assume that
, and X and Y are not coprime. Suppose instead that X and Y are not coprime and let
is a decomposition into irreducibles. If for every 1 ≤ i ≤ s there is j such that X t i = X j then t leaves supp X and hence supp Y invariant. By assumption this is not the case. Therefore by Corollary (3.10) for some 1 ≤ i ≤ s and 1 ≤ j ≤ r we have X t i = Y j . Thus X i = Y j modulo equivalence and X and Y share the irreducible factor X i .
Theorem 5.9.
q is a list of pairwise distinct irreducible exact fixed point sets and let s 1 , s 2 , . . . , s t be positive integers satisfying
This follows directly from Theorem (4.18) and Lemma (5.7) because distinct irreducible elements of F are coprime.
To show how the assumption of exactness is necessary in the previous theorem we have the following. 4) . Otherwise Y = Z and again S X = S Y * S Z by (4.6). Accordingly we may always choose Q X = Q Y * Q Z : but by assumption this gives Q X = 1. So if X is closed then X = Ξ X which is a contradiction since Ξ X is irreducible.
DECOMPOSING THE FIXED POINT SETS.
We have seen how to compose fixed point sets from irreducible ones, and in this section we will confirm that such compositions are the general form of fixed point sets. The results in this section will tend to be the converses of those in the previous section. By the end of the section the problem will have been reduced to finding the irreducible fixed point sets, which we will do in the next and final section.
Divisors of Fixed Point Sets 6.1.
Given a fixed point set Z consider a decomposition of Z into irreducible factors -our goal is to show that each of the factors is again a fixed point set. This reduces the problem to determining all the irreducible fixed point sets.
Notation 6.2. If X ∈ S q letQ X :=< Q X , X > be the subgroup of G X generated by Q X and X. See Section (3.3) for the definitions of Q X and X and Section (3.2) for the definition of S q .
Control Of Closure 6.3. In Section 3 we used Lemma Proof. The coprime condition gives
This case is dealt with in Lemma (7.10): no circularity of argument will result from this expedience. By Lemma (4.6) we have
The proof is now the same as the proof of the last lemma. Note that by Lemma (3.9) the decomposition in the statement of the following theorem is unique. 
= ∆
ai Y i and we can apply (4.9) which shows that the relevant permutation module has a projective summand. So in both cases, by (3.8) each Y i is a fixed point set.
Meanwhile Lemma (6.5) and Lemma (6.6) tell us that each Y i is closed, so by Lemma (3.8) Y i is a fixed point set.
DETERMINING THE IRREDUCIBLE FIXED POINT SETS.
In this section we shall determine the structure of the irreducible fixed point sets (in the context of the present problem) and in doing so we will finally complete our description of a general fixed point set. The results of the previous sections will combine with the following propositions in order to arrive at the main theorem.
Reducing the Irreducible Fixed Point Sets 7.1. We will show in Corollary (7.6) that if Y is an irreducible fixed point set thenQ must be transitive on supp Y . Thus Q Y :=< Q Y , Y > transitively permutes the orbits on supp Y of < Y >. It will follow that Y = ∆ i X for some i and X ∈ S q , where the size of supp X is equal to the size of a < Y >-orbit on supp Y . In Theorem (7.14) we find a bound for the orbit size, reducing the problem to the study of a finite, and in fact a very small, number of cases.
Lemma 7.2.
Suppose that Y ∈ S q is closed irreducible Suppose further that
is the subgroup defined in (4.2) that permutes the factors of the base subgroup
Orbits and Factorizations 7.3. If G := Sym(m) is the Symmetric group on m > 0 letters and H ≤ G is a subgroup of G which leaves invariant the two subsets α ⊂ {1, 2, . . . , m} and β ⊂ {1, 2, . . . , m}, and if these subsets satisfy ( i) α ∩ β = ∅ and (ii) α ∪ β = {1, 2, . . . , m}, then we know that H ≤ G sits inside the Young subgroup Sym(α) * Sym(β) ≤ G = Sym(m). However, it is not necessarily true that there is a subgroup H α ≤ Sym(α) of Sym(α) ≤ G and a subgroup H β ≤ Sym(β) of Sym(β) ≤ G for which H = H α * H β .
The next theorem finds conditions which do allow us make this assumption.
LetQ X = Q X , X .
Theorem 7.4. Assume X ∈ S q is exact and closed. Assume the groupQ X has orbits λ 1 , λ 2 , . . . , λ s on the support of X. Then (1) X = X 1 * X 2 * · · · * X s where X i has support λ i and is closed as a subset of Ω Xi and X i exact.
Proof. It suffices to consider s = 2. Write Q andQ for Q X andQ X . We havẽ Q ⊆ H 1 × H 2 where H i := Sym(λ i ). Let π i be the projection onto H i , and set
We claim that Q i fixes each element of X i . Namely, take u 1 ∈ Q 1 , then choose u 2 ∈ Q 2 such that u := u 1 u 2 ∈ Q. Next, take x 1 ∈ X 1 , and take x 2 ∈ X 2 such that x := x 1 * x 2 belongs to X. Then we have
2 ) and x 1 = x u1 . This shows that Q 1 ⊆ S X1 , and similarly Q 2 ⊆ S X2 . Now take R i to be a Sylow p-subgroup of S X , containing Q i . Then R 1 × R 2 fixes each element of X 1 * X 2 and in particular it fixes each element of X. So it follows that the order of R 1 × R 2 is ≤ the oreder of some Sylow p-subgroup of S X and hence ≤ |Q|.
On the other hand, from Q ≤ Q 1 × Q 2 ≤ R 1 × R 2 we have |Q| ≤ |R 1 × R 2 | and it follows that Q = Q 1 × Q 2 = R 1 × R 2 and Q i = R i which we can take for Q Xi . This completes the proof of part (2) .
It remains to show that
Corollary 7.5.
Suppose that X ∈ S
q is closed, exact and irreducible. Then < Q X , X > is a transitive subgroup of G X = Sym(supp X).
Proof. This follows immediately from the previous Theorem (7.4).
Corollary 7.6.
Suppose that X ∈ S q is closed, exact and irreducible. Let λ 1 , λ 2 , . . . , λ t be the orbits on supp X of < X >. Then Q X transitively permutes the λ i . In particular these orbits have the same size.
Proof. Firstly the subgroup < Q X , X >≤ G X normalizes its subgroup < X > so < Q X , X > permutes the λ i , and it must do so transitively since < Q X , X > is transitive on supp X (by Corollary (7.5)). Now < X > acts trivially on the λ i and it follows that Q X must transitively permute the λ i .
Transitive Sets 7.7. Let X ∈ S q . We say that X is a transitive set if < X > is transitive in its action on supp X. Proof. Let λ 1 , λ 2 , . . . , λ t be the orbits of < X > on supp X -then the λ i have equal sizes, by (7.6). Put λ := λ 1 . Furthermore we have
Now Q X stabilizes X and transitively permutes the λ i . It follows that X ≤ X λ1 ∆X λ2 ∆ . . . ∆X λt = ∆ t X λ , from which it follows that X = ∆ t Y where Y := (X)π λ . Also, we see that t must be a p-power, for t is the size of the set {λ 1 , λ 2 , . . . , λ t }, and the elements of this set are transitively permuted by Q X . Now λ is an < X >-orbit on supp X so < (X)π λ > acts transitively on λ, whence Y is a transitive set.
Lemma 7.9. Let X ∈ S q be closed and exact. Then ZQ X contains an element of order p fixed point free on supp X.
Proof. By Lemma (7.4) it suffices to consider the case thatQ X :=< Q X , X >≤ G n = Sym(2n) is transitive in its action on supp X. If u ∈ ZQ X is an element of ZQ X then u centralizes Q X and, since u ∈ Q X , u centralizes X = Fix(Q X ). Thus Q X and X permute the fixed points on supp X of < u > and in fact the transitive subgroupQ X permutes these fixed points. It follows that if we choose u ∈ ZQ X so that u has order p then u cannot fix any points in supp X.
7.10. Now let Y be an irreducible exact fixed point set in S q By (7.9) there is some z central in Q Y which is fixed point free and has order p.
We take a Sylow p-subgroup P of C GY (z) which contains Q Y . Then P is even a Sylow p-subgroup of G Y ( as P is of the form C p ≀ R for a Sylow subgroup of Sym(s) ). Then by (2.2) there is some y ∈ Y such that Q Y = Stab P (y). We will use these elements z and y below. Convention 7.12. Let Y ∈ S q be an exact fixed point set. By Lemma (7.9) there is an element z ∈ ZQ Y which has order p and which is fixed point free on supp Y . Taking the cycle decomposition of z we have z = z 1 * z 2 * · · · * z s where each z i is a p-cycle. Let P z be a Sylow p-subgroup of C GY (z). Now C GY (z) certainly centralizes z and must permute the {z i }. Thus B z :=< z 1 > * < z 2 > * · · · * < z s > is a normal p-subgroup of C GY (z) -in fact B z is the base subgroup of the wreath product C GY (z) ∼ = C p ≀ Sym(s), as we have seen in (4.1) It follows that B z ≤ P z .
By (4.1) we know that P z is a Sylow p-subgroup of G Y . We observe that in in this context the roles of p and q have interchanged. [To see this: we know C G (z) ∼ = C p ≀ Sym(s) where z has s p-cycles, and z has support equal to the total support of G Y . So P is of the form C P ≀ R where R is a Sylow subgroup of Sym(s). On the other hand, a Sylow subgroup of G Y is exactly of this form, since p divides the size of its support. Now we use (2.2), which gives us that there is some y ∈ Y such that Q Y = Stab P (y). Then z and y commute.
(b) Since y and z commute, conjugation by y permutes the cycles of z. Let I be an index set labelling the orbits, and write z i for the product of the cycles in orbit i. Then z i commutes with y, for each i. Recall from (7.12) that P contains each cycle of z, so z i belongs to P and therefore it belongs to Stab P (y) = Q Y . Now we apply (7.11) with R i = z i , and we get
By the hypothesis, Y is transitive, and therefore I has size 1. Also z = z i . This has the following consequences. (i) The orbit size must divide the order of y , that is s divides q.
(ii) The group y, z is transitive on the support of Y . Since z and y commute, conjugation by z also permutes the cyles of y. Transitive Fixed Point Sets For Prime q 7.14. We assume in this section that q is a prime. Theorem (7.13) places a severe restriction on the possible degrees of the transitive fixed point sets. We shall now compute the fixed point sets with these degrees.
Firstly we consider the case p, q coprime. Thus Theorem (7.13) asserts that any irreducible exact transitive fixed point set has degree qp, which means we are dealing with the action of Sym(qp) on its conjugacy class Ξp of fixed point free elements of order q. Let X ⊂ Ξ p qp be an irreducible exact transitive fixed point set and let x ∈ X. Then a corresponding vertex Q X fixes x and so Q X ≤ C Sym(qp) (x) ∼ = Z q ≀ Sym(p). It follows that the size of Q X is 1 or p, whence it must be p since X is transitive. Thus Q X is generated by an element of order p which we denote by z in order to be consistent with the statement of Corollary (7.10). If x is written as the p-fold product of q-cycles x = (a 11 , a 12 , . . . , a 1q )(a 21 , a 22 , . . . , a 2q ) . . . (a p1 , a p2 , . . . , a pq ) then z may be taken to be the q-fold product of p-cycles z = (a 11 , a 21 , . . . , a p1 )(a 12 , a 22 , . . . , a p2 ) . . . (a 1q , a 2q , . . . , a pq ), and X = C Sym(qp) (Q X ) ∩ Ξ irreducible components is projective. By (3.15) products of exact sets are exact so projective-free implies exact.
Recall from (2.13) that if Z ∈ S q is closed then Z is a fixed point set if and only if the kM Z -module kZ admits a projective summand. From (7.2) Y is closed, so by (4.16) it cannot be projective; and by (3.16) it must be exact. Also kY admits a projective summand by (4.9): so Y is a fixed point set.
'⇐' By (4.18) X is an irreducible fixed point set. The case i = 0 is trivial so assume i > 0. By (4.5) it is clear that Q X = 1, so X is not projective and must be irreducible.
(2) '⇒' Let X = X a1 1 * · · · * X at t be a decomposition into irreducibles. By (6.8) each X j is a fixed point set. But X aj j is also a fixed point set by (6.7) applied to X so by (4.10) 1 ≤ a j < κ(X j ). By assumption each X j is not projective, hence exact.
'⇐' We have X and each X aj j is exact and closed by (4.14). By assumption 1 ≤ a j < κ(X j ) so (4.10) tells us that each X aj j is a fixed point set. It follows by (5.7) that X is a fixed point set. If there is no projective factor then there is nothing to do. So assume that t ≥ 1. By (6.7) V and W are fixed point sets. We wish to show that t = 1 and b = 1. By (6.7) each V bj j is a fixed point set and must be closed, which by (5.10) means that b j = 1. Now V is a fixed point set, hence closed, so by (5.10) we get t = 1.
'⇐' We first show that X is closed. Since V is projective, we know that V = Ξ V and because W and V are necessarily coprime we know by (5.4) that Q X = Q W * Q V = Q W * 1. The product W is projective-free, hence exact, which means that Q W is fixed point free on suppQ W . We can now compute directly that Fix ΞW * V (Q W * 1) = W * V, and X is closed. It follows from (5.6) that X is a fixed point set.
